Gilp hoc sinh 6n thi dai hoc, cao dang niam 2009

GOl Y GIAI PE 04

Céau I.1;

Hoc sinh tu giai

Cau l.2:
Tim trén truc tung nhitg diém M ma tir d6 ké dugc hai tiép tuyén dén do thi

3 1 . . . A
(C) Ny = x* 3 X2 + 2 dong thoi hai ti€p tuyén do6 doi xtirng nhau qua truc tung va vuéng

g0c vai nhau.

Hién trong SGK GT12 chuan (co ban) khéng trinh by diéu kién tiép xtic cua hai do thi
nén bai giai sau day toi trinh bay theo cich thong thuong (dung toa d6 tiép diém).
& Diéu kign cin
e Goi M (0; m) € Oy va k;,k, lan lugt 12 hé s6 goc cac duong thang qua M.vatiép xic
V6i do thi (C).
P/trinh cac duong thang do 1a:

(d):y=kx+mva (d'):y=Kk,x+m

& Gia sir (d ) va (d ') dbi xtmg nhau qua truc tung va lan luot tiép tac véi do thi (C) tai
S

cdc diém c6 toa do (X Y1), (X23Y2)- (%25 ¥2)e(d’)
Khi d6 ta c6 hai hé / )= (©)
1Yo) e
Y1 =kpq+m = 22
y1=X14—§X12+ Hé s6 goc
2 Cua tiep
3 tuyén tinh
k1 = 4'Xl - 3X1 theo dao ham
Bang cach khir Ky, y; va Ky; Yy, trong hai hé trén ta thu duge hai phuong trinh
6x —3x¢ +2m-1=0 < 2m-1=-3x"(2x’ 1) (1)
6X; —3x3 +2m—1=0 (< 2m-1=-3x} (2x} 1) )

@ Pé y rang vi d6 thi (C) nhan Oy lam truc dbi xung (tinh chdt ciia hdm sé chdn) va hai
tiép tuyén (d),(d')déi xtng nhau qua truc Oy suy ra hai tiép diém (Xl; yl), (Xz; y2)
ciing d6i xtmg nhau qua tryc Oy.

Suyra Xp+x, =0va y, =Yy,

@ Mt khac hai tiép tuyén vudng goc nhau nén ta cd ki .k, = -1

=N (4xi3 —3x1)(4x§ —3x2) =-1
& XX, (4x12 —3)(4x§ —3) =1 XX, [16(x1x2)2 —12(x12 + x§)+9} =-1
=32 [16(x1x2)2 —12[(xl + X, )2 — 2x1x2} + 9} =-1

Thay X, + X, =0 vadat t = XX, vao ta dugc:

t(16t° ~12(-2t)+9) = 1> 16t + 24t* + 9t +1=0 < 1
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Gilp hoc sinh 6n thi dai hoc, cao dang niam 2009

Nhan (1) va (2) theo vé ta dugc
(2m-1)" =9(x%, )’ (lez —1)(2x§ -1

)
< (2m —1)2 = 9(x1x2)2 [4(x1x2)2 — 2[(x1 + X, )2 —~ 2x1x2J +1}

ot? (4t2 + 4t +1).
9

Biéu dién theo t ta duoc (2m —1)2

e Truomg hop t = -1, taco (2m—1)° =9.1.(4-4+1)=9
m=2

<:>2m—1:i3<:{
m=-1

Biét X, + X, =0 <> X, = —X% . Kndng mét tinh tong quat c6 thé gia sit X, > 0 (boi vi-hai
diém (Xl; yl) : (Xz; y2) d6i xtmg nhau qua tryc Oy nén hai s6 Xq, X, trai dau).
Véit=-1tacod X% =—X =—-1< x =1.Suyra x, =—-1

Hé s6 goc cac tiép tuyén k; =4.1-3=1; k, = 4.(—1) —3(—1) =-1

Trudng hop ndy ta tim duoc hai cip duong thang

(dl):y:x+2;(dl'):y:—x+2
Va (dz):y:x—l;(dz'): y==x-1

1 2 9 1 9
e Truong hop t = —=, tac(2m—1)° = —| 4—~1+1 |= —
rudng hop == ta c6(2m -1) 16( 16 j

64
- =106
m=g
1

1 i 2 1 1
Voit=——1taco X,.Xo =X =—— < X% =—.Suyra X, =——
4 1-X2 1 4 175 y 2 5

= 2m—1:4_r§
8

3 3
. . . 1 1 1 1
Hé so goc cac tiep tuyén k, =4.| = | =3.==-1; k, =4.|—=| =-3| —=|=1
¢ sO goc cdc tiep tuyen (2) > 5 ( 2) ( 2)

Truong hop nay-ta tim duoc hai cip dudng thing

o)y o 1
(dg).y_x+16,(d3).y_ T
(d,):y=x+ > d, )y = —x+>
va(d4).y_x+16,(d4).y_ X+og

& Thir lai (Piéu ki¢n dii)
Chi can kiém tra xem cac diém (Xl; yl) , (Xz; y2) c6 phai 1a tiép diém hay khong,
e Véi t = -1 ta co hai tiép diém cua hai tiép tuyén
X =1 X =-1
3 1 va

1
Y1:14—§-12+§=0 ylz(—1)4——.(—1)2+§:0
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X =1
Thay { 177 vao pltrinh caa (dy):y=x+2 ,tadugc 0=1+2 khong théa man.
1

X =1

Thay { ! 0 vao p/trinh cua (dz): y=X-1,tadugc 0=1-1 thoéa man.
V1=

Vay cap duong thang (d,):y = x—l;(dz'): y=-—x-1.

Suy ra gia tri m=—1, tic 1a diém M (0;-1) thoa dé bai.

1 2 .
e Tuong ty véi t = 2 ta kiém tra dugc cap duong thang
11 1. .
(d ) y = X+1— (d3 ) y:_X+E la tiép tuyén cua (C)
Tacla m= i1 hay diém M 0;E thoa dé bai.
16 16

e TOM lai c6 hai diém thoa d& bai la: M (0;-1) hodc M (o %)

Kiém chitng Két qua bang cich vé do thi (C) va cac-tiép tuyén trén phdan mém
Geomester’s SketchPad hogc Cabri II Plus,...

Nhdn xét. RO rang cach lam trén qua dal va phuc tap. Tuy nhién néu khong duoc dung
d1eu kién nghiém kép hoic diéu kién tiép xlic cua hai dd thi dé giai cac bai toan tiép
tuyén thi cach 1am trén day dap tng dugc yéu cau.

Viy, dé thi c¢6 ra dang ndy trong phan chung hay khong ? Néu c6 liéu c6 dung duoc
diéu kién tiép xtic ciia hai do thi (SGK nang cao) dé giai hay khong ?

Hay cho mot doi 161 nhan xét !

Cach 2:
e Goi M (0;m). Vi hai dudng thing tiép tuyén véi (C) di qua M va ddi xtmg nhau qua
truc tung, dong thoi vudng goc vai nhau. Suy ra goc hgp bdi hai ti€p tuyén véi truc tung l1a
bang nhau va bang 45° Do do, goc hop boi hai tiép tuyén trén véi truc hoanh (theo chiéu
duong) lan lugt bang 45° va 135°. Suy ra hé sb goc cua hai tiép tuyén lan luot bang
tan45° =1 va tan135° = —1.
¢ VVay ph/trinh hai tiép tuyén noi trén cO dang y = X+mM va y =—-X+m
Gia sir tiép tuyén y = X+m tiép xtic véi (C) tai (XOJ yo) .
Ta co hé s6 goc tiép tuyén bang y'(xo) = 4X(3) -3%, =1.

. 1
Giai ta duge Xy =1;X) = —E.

o Véi Xy =1taco y,=Xg —
Suyram=y,—X=0-1=-1
1_1

35 3
__XO + - = .
2 2 16 2

3
16

: 1.
o Vi XO:_E taco yozxg

1 1
St =
4 2
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Suyra m=y,—X —iJrl—E

0 016 2 16
N \ . 5 11
Vay c6 hai diém thoa ycbt 1a M(O;—l) hoac M O;E )

Céch 3: Dung d/kién tiép xuc cua hai duong (Xem SGK GT12, nang cao), tham khao céch
giai nay ¢ cach STK trén thi truong.

Cau I1.1:
2

>
1-2x  1++/3x+1

Giai bat phuong trinh

1)

1-2x#0 X#
%

3Xx+1>0 >_
xz-J
Nhan xét : V6i d/k néu trén thi vé phai luon duong , do d6 d/k dé (1) ¢6 nghiém 1a

b/k xac dinh: {

1—2x>0<:>x<£.

2
) -Y<x<l
Vay (1) <
l+\/3X+122(1—2X)
{Voi —% <X< % thi hai vé ctia (1) déu dwong, cu thé 1a hai mau thirc. Do d6 ta quy

ddng va bo miu duoc}

- —%sx<%
V3x+1>1-4x(2)

Xét bat phuong trinh (2):

e Tr/hgp 1-4x <0 & X >% thi (2) lubn nghiém dung.

. 1.1
Suy ra (2) nghiém ding véi moi X € (Z,E)

e Tr/hop 1—4x20<:>x£%,tacé

- <x< — <x< - <Xx<

% % = % %<:> }/ }{1<:>0£x§l
(3x+1)>(1-4x)’ |16 -11x<0 |0<x<1l/ 4
e Két hop hai trudong hop trén ta c6 tap nghiém cua (1) 1a:

A

Q)<

Cau 11.2:
y -x}=y-x*(1)

Giai h¢ phuong trinh
x> +y?=x-y (2)
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Taco <:>(y—x)(y2+x2+xy)—y—x2 ©)
Thay X% +y® =X~y vao (3) ta dugc (y—X)(X—y+xy)=y—X°
o 2xy - Y2+ yix—x2y—y=0
<:>(xy—y)+(xy—x2y)+(y2x—y2):0
< (x=1)y-xy(x-1)+y*(x-1)=0
y=0
< y(x-1)(1-x+y)=0<|x=1
1-x+y=0
e Tr/hop y =0, thay vao (2) ta dugc X2 =xex=0x=1
Tr/hop nay hé c¢6 hai nghiém (O; 0),(1; 0)
e Tr/hop X =1, thay vao (2) duge Y2 =—y < y=0;y=—-1
Tr/hop nay hé cé hai nghiém (1; 0),(1; —1)
e Trlhop 1- X+ Yy =0< x=Yy+1, thay vao (2) dugc (y+1)2 b o y2 =1
< 2y?+2y=0y=0y=-1
Tr/hop nay hé c6 hai nghiém (l; O) , (O; —l).
e Tom lai, hé d4 cho c¢6 bén nghiém (0;0),(1;0),(1;—1),(0; —1) .

Cau I11:

Tinh tich phan | = j'x In (1+ xz)dx
0

Pit U =1+ x? = du = 2xdx
V6i x=0taco u=1;vsi x=1tacou=2.

21 12 1 2
Khi do6 | :J'Eln u.du :Ejln u.du E{uln u\f —Iud (In u)j
1

1 1
{Gidi bang PP tich phan timg phan, véi dv = du }

2 2
I:E 2In2—ju.d—u :l 2In2—jdu
2 1 U 2 1

1 2\ 1 1
:E(ZInZ—u|l):E[ZInZ—(Z—l)]: In2->
Cau 1V:

a3

Cho hinh hop dimg ABCD.A'B'C'D’ c6 déy 1a hinh binh hanh. Biét AB =a, AA' = —

Goi M, N lan luogt 1a trung diém cta cac canh A'D’, A'B’. Biét A'C L ( BDMN )
Hay tinh thé tich khéi da dién A'MN.ABD

Goi K 1a giao diém caa MN va A'C’.
Taco AC L(BDMN)= A'C L BD.Mitkhic BD L AA'.
Suyra BD L (A’AC)=BD L AC.
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Hinh binh hanh ABCD c6 hai duong chéo vudng goc nhau nén n6 la hinh thoi.
Kéo dai IK cit AA' tai E.
(I'1a gido diém cua AC,BD).
Vi MN || BD, AB|| A'N, AD || A'M nén hai
tam giac A’'MN, ABD dong dang

AK AN 1
Suyra = =—
Al AN 2
Lai c6 hai tam giac EA'K, EAl dong dang,
suy ra EA = AK = 1 Vay E 14 trung diém
EA Al 2
cua EA,suyra EA=2A'A=2a

Taco AC LIE (Vi IEc(BDMN))
Suy ra hai tam gi4c vuéng ACC’, EAl dong
dang (vi c6 hai gc bang nhau 1a
CAC' = AEI, gdc c6 canh twong trng vudng
goc)

EA Al _2cC a3

Suy ra Al = & = = Al =CC'=
CC' AC cCC' 2Al

2
— Bl =JAB2—AI? = az—%:%: BD = 2Bl zz.gza

L 1wl a
EABD T T2 4
1 11 ,

1aa\/_a\/_ a’

\Y; .
EABD 6 T4 T2 32

e Vay thé tich khdi da dien A’'MN.ABD bang

a3 a3 7a3

VA’MN.ABD :VE.ABD VE AMN — 4 32 32

Nhdn xét: Mau chét cua bai toan Ia ¢ cho khai thac gia thiét A'C L(BDMN) dé
chimg minh day ciia khéi hop 1a hinh thoi. Réi thdy duge tinh dong dang ciia hai tam
giac vudng ACC’, EAI dé tinh duogc Al !

Theo tdi thay, day la bai toan khé véi nhiéu hoc sinh. 7

Hi vong qua cach giai trén, cac em hoc sinh c6 thém ky nang dé nhin va khai thac cac
bai toan khac rwong tur.

Cau V:

Chting minh riang véi moi x,ye(O;l),x;tytacé 1 (In y —In X j>4
y—-x{ 1 1-x
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, X : . .
Xéthamsé y = f (x)= Inl— trén khoang (0;1). Ham s nay lién tuc va c6 dao ham
—X

. 1
Y= x(1-x)

e Giastr Yy > X. Khi d6 ham soy=f (X) lién tuc trén doan [X; y] C (0;1) va c6 dao ham
trén doan d6. Theo dinh Iy La-Grang (trang 10/SGK-GT 12, co ban) ton tai C € (X; y) sao
f(y)—f(x 1

(y) ( ):f!(c): (1)

>0,vxe(0;1).

cho
y—X c(1-c)
2
Ap dung Bit dang thirc Cosi ta c6 C(l—C) < (C +;_Cj = 1 :
1
Suy ra >4 (2)
c(l-c)

Déu “="xdyrakhi C=1-C<C= % € (O;l).
Vi [X;y] = (0;1) nén trong tr/hop tong quét co thé ¢ = % £(xy).

Do do6

>4 3)

1
c(l-c)

. f(y)-f
oKéthqp(l)Vé(3)suyraM24<:> L (In y —In X j>4
y—X y—-x\{ 1-y 1-x

Cau Vlal
Trong mit phing toa d6 OXy , cho tam giac ABC. Biét phuong trinh duong thang chira canh
AB la y = 2X, phuong trinh duong thiang chtra canh AC 12 y = 0,25X + 2,25 va toa d¢ trong

., . 8 7 e )
tam tam giac ABC la G (55) Tinh dién tich tam giac ABC ?

=2X
e Toa d6 cua A langhiém cua hé phuong trinh y
y=0,25x+2,25

Giai hé ta duoc x:g;y:E.Suyra A EE .
7 7 7 7

y=2t
X=3+4t
y=3+t

e Goi toa do cua B(b;Zb) va C(3+4C;3+C), (b,CeR).

e Phuong trinh tham s6 cua duong thang AB Ié{

Phuong trinh tham sé cua duong thang AC |a{

e G (g,zj la trong tam tam giac ABC nén ta co {
3'3 Ya+Ys+Ye =3
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9 8
—+b+3+4c=3.- b+ 4c = 26 b=2
Do do6 ta co ! 3 = A@ A

%+2b+3+c:3.% 2b+C:1% C:%
77 77

2 2
Suy ra BC = 45 2) (27 4 :\/2378 :\/2378
7 7 7 7 49 7

e Duong thang BC di qua B(%;) va c0 vecto chi phuong BC = (%ng nén covecto

phép tuyén n = (23;-43).

Ph/trinh tong quat cta dudng thang BC : 23(X - %) - 43( y— g) =0

Hay 23x—-48y+18=0.

9 18) , .
Khoang cach tur A(7,7j dén duong thang BC bang

9 18
‘23. - 43.7 +18‘ ) ‘—63‘

7
J232 1432 /2378

H chinh bang chiéu cao cua tam giac ABC.

N=drase)) =

2378 63 9
7 J2378 2

Vay dién tich tam gidc ABC bang S = % BC.h= % vdt).

Céu Vl.a.2

Trong khong gian voi hé toa d6 Oxyz cho hinh lap phuong ABCD.A'B'C'D’, biét
A(O;O;O) , B(l;O;O), D(O;l;O), A'(O;O;l). Goi M, N lan luot 14 trung diém cua cac canh
AB,CD. Tinh khoang céach giita hai duong thaing A'C va MN .

V¢ hinh lap phuong trong hé truc OXyz theo 7
gia thiét dé bai, taco C(1,1,0), M (%;0;0)
Al D'

N(l;l;oj. B

2 S
Vi MN //BC nén MN ||(A'BC). A
Vay khoang c4ch giita hai duong thang chéo /. M- ::5\7 . |:1 D )
nhau A'C va MN bang khoang cach gitta X B C

duong thang MN va mat phang (A’BC) bang khoang cach tir M dén mat phang (A'BC) :
e Mit phang (A'BC) di qua B(1;0;0)va c6 vecto phap tuyén n= [ﬁﬁ] =(30;1).
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P/trinh mat phang (A'BC): 1(x-1)+0(y—0)+1(z—0)=0 hay x+z-1=0.
Khoang cach tir M dén mit phang (A'BC) bang

1.1+1.0—1
2

i
J2+0?+2 242

Vay khoang cach giita hai duong thang A'C va MN béng

h=

1
242
Ngoai cach trén, ching ta c6 thé goi H 1a hinh chiéu ciia M trén A'B sau d6 ching
minh MH L (A'BC). Suy ra MH  la khoang cach tir M dén (A'BC)

2

. 1 1 ,
C6 thé thiy MH :ZAB’ :Z.f ==+ (Rdt don gidn)

Cau Vll.a

Tim sé hang chira X? trong khai trién biéu thirc (—— X2 + x3j . Biét n'13'sé tu nhién thoa
X

mén hé thirc C[ 2 + nA? = 454

N n-4x>1
biéu kién cuan : & n>h
n>2
n—4)! 1
Taco C8+nA? =454 o DL 0l g

(n—6)12L. " (n-2)!

=N (n—4)2(n—5) +nn(n-1) =454 < 2n° - 2n? +(n2 —9n+20)—2.454=0

< 2n*—n?—-9n-888 =0.<>n =8 (thda d/kién)

o 1 5y (1, °
e Luc d6 f(x): x4+ x| = ;+x (x—l)

X
8 1 8-k 8
f(x):ZCg(;j [xz(x 1} :ZCE';‘X"8 2(x—1)"
k=0 =0
8 8 k .
f(x)=Y Cex* BZC' (1) =3 > cgCix* P (-1) |, (kieNi<k).
k=0 k=0i=0
Cho sé mii ctia liiy thira X** ™ bing 2 taco 4k —i—-8=2
Phuong trinh ndy ¢6 nghiém {k M imez.
I=4m-10

Vi 0<i<k nén 0£4m—10£m<:>g£mé%.8uyra m=3.

Taco k =3;i =2. Vay hé sé cua sé hang chira X trong khai trién biéu thirc da cho bing
cic2(-1)* =168
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