Gilp hoc sinh 6n thi dai hoc, cao dang niam 2009

GOI Y GIAI PE 02

Cau l.1:
Hoc sinh tw giai

Cau 1.2:
Tim m dé d thi (C) ham sé y = X® + mx + 2 cét truc OX tai mot diém duy nhét.

Cach 1:
e P/trinh hoanh do giao diém cia (C) vatruc Ox: X3 +mx+2=0 (¥
e D& thdy X =0 khdng théa man (*) véi moi m.

) 3 2
V6i Xx#0,taco < m=2—x2. (**)
X

Xéthamso f (x) :é—xz trén tap (—o0;0) U (0;+0).

—2(1+x3)

Taco f’(x):—%—ZX: 5

X X
f'(x)=01+x*=0< x=-1.
Bang bién thién
X —00 -1 0 +00
f'(x) + 0 - I -

f(x) ||
—0 / < \—oo —00

. L e , P . 2
Dua vao bang bién thién ta suy ra-dudong thang y =m cat do thi ham so f (X) =Z_x?
X

tai mot diém duy nhat khi va chi khi m > 3.
Vay (*) c6 nghiém duy nhét véi hay dé thi ham sé y = x® + mx + 2 cét truc Ox tai mot
diém duy nhat véi moi'm > —3.
Céach 2: . ’
Dung dang do thi cia ham so bac ba.

Phuong phap: Xét ham s y = ax® +bx* +cx+d (&= 0), ¢6 db thi (C).

f'(x)=3ax* +2bx +c

e Trihop 1: f'(X) c6 A <0 khi d6 ham sb khong ¢6 cuc tri va ham sé dong bién (hosc
nghich bién) trén R nén db thi (C) cit truc Ox tai mot diém duy nhét.

e Trihop 2: f'(X) c6 A >0, tirc 1a ham sé c6 hai cuc tri . Goi X, X, 12 2 nghiém phan
biét ciia p/trinh f'(x)=0.
Tr/hop nay do thi (C) cét truc Ox tai mot diém duy nhat khi va chi khi hai diém cuec trj cua
(C) Iudn cuing ndm vé mét phia ciia truc Ox < f (x).f (x,)<0

Két hop hai tr/hgp trén dé suy ra gié tri ciia m.

v Nhdn xét: Theo cach l1am nay hoc sinh thirong bo st trieong hop 1 — nén can cha y.
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Gilp hoc sinh 6n thi dai hoc, cao dang niam 2009

Cau Il.1:
| X4y’ =1 (1)
Giai hé phuong trinh *)
Xy +2xy> +y* =2 (2)

Céch 1: Xem (2) 1a p/tr bac hai theo x ta viét lai y.x2 + 2y2.x+ y3 -2=0.
Co A’=y4—y(y3—2):2y

Nhan xét: Ta c6 (2) < y(x2 +2Xy + yz): 2o y(x+y) =2,

Panh gia hai vé suyra y>0.Suyra A'=2y>0.

2
P/tr (2) c6 2 nghiém X:M:—yi\/z.
y y

2
Tacd Xx+y== |—.

y

-r-Tr/h(ypI:x:—y+\/z <:>x+y=\/§- ©)
y y

Viét (1) dusi dang (x + y)[(x+ yz)—3xy}:l. @)

Thayyva X+ Y 6 (3) vao (4) ta dugc p/tr \/%(%3(—y+ %J,y}l
2 ’ 2

@[\Pj +3y2\/:—6:1 (5)
y y

2
bat t :\/Z,t >0.Suyra y:t%. P/tr (5) tro thanh t3+3.(t£2) 1-7=0
y

@t3+%—7:0@t6—7t3+12:0 (6)
Pt u =t taco pltr u?-7u+12=0
P/tr nay c6 hai nghiém u =4;u=3.

2 2 1
oV(yiu:4tacét3:4<:>t:§/Z.Su Ay=—a=——r==—
Y7 " e 32
2 2 1
Thay vao (3)suyra X = ——— + Y4 = —— = ——
y vao (3) suy 75 ITRER
2 2
oV(yiu:3tacét3:3<:>t:§/§.Su ray=—=——.
yray 23
Thay vao (3) suy ra x—_i+33_i
o 3o
X = L X= 1
== ==
Tr/hop nay hé c6 hai nghiém \/15 : \/26
7 V%
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Gilp hoc sinh 6n thi dai hoc, cao dang niam 2009

% Trihgp 2: X=—y — 2 <:>x+y=—\/z- (7)
y y

Viét (1) dusi dang (x + y)[(x+ yz)—3xy}:l. (4)

Thayyva X+ Y 6 (7) vao (4) ta dugc p/trinh \/%L%BLy\/%j_le
2 ’ 2

@—( —J —3y2\/:—6:1 (8)
y y

. 2 2 5 of2Y
bat t = ,t>0.Suyra y— . Pitr (8) tr¢ thanh —t° — 3. 2 1-7=0
y

<:>t3+1—§+7:0<:>t6+7t3+12:0 9)

patu=t3,u>0 tacopitr u> +7u+12=0.
P/tr nay c6 hai nghiém u =—4 va u =-3 (loai).
Vay truong hgp nay hé da cho vo nghiém.

1
X==— |[X=7=
3 3
Tom lai, hé da cho co hai nghiém \/15 ; \/25
m A Tw
Céch 2:
Dé thay y =0 khong théa man hé nén ta co
3 3
X 1
sk e
2
(x+y) == i) =2 (2
y y y
2 3
X o[ X x
Tfr(l)va(Z)taco(—+1J :2 —| +1
y y
X ? X
<:>(—+1j —2(—+1) (—) ——+1 =0
y y
Détt— ta c6 phuong trinh (t —2(t+l)(t2—t+1):O
y

<:>(t+1)[t+l 2(t2 —t+1} 0 < t+1 2t2+3t—1)=0

P/trinh nay ¢6 3 nghiém t = £1;t _%
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X .
®» Voit=1taco —=1< X =Y, thay vao p/tr thir nhat ctia hé ta dugc
y

1 1
2x3=1e x==—.Suyra y=——
Y2 2
®Voit=-1taco X_ ~1 <> X =—Y, thay vao p/trinh thtr nhat cta hé ta duoc

y
3,031 uA nnhia
-y +Yy° =1, vd nghiém.

1 X 1 .
® Voit= 5 taco —= 5 & Y = 2X, thay vao p/trinh thir nhat cta hé ta dugc
y

3 3 3 1 2
X+(2X) =19’ =1 X=—=.Suyra y=—
(2 @ @
X = L X = L
== =
Tom lai hé da cho co hai nghiém \/15 X \/25
% V"%
v Nhan xét: C4c cach thé khac hoc sinh tu tim toi thém.,

Cau I1.2:

Giai p/trinh Zsinz(x—%j:ZSinzx—tanx *)

D/kién: cosx¢0<:>x¢%+k7r, keZ.

Ha bac sin? (x —Zj d& 1am xuAt hién goc lién két 2x -5

Taco sin?| x—= :1 1—cos| 2x-Z :1(1—sin2x)
4 2 2 2

Do d6 (*) <> 1—sin2x = 2sin® x —tan x < 1+ tan x—(sin 2X + 2sin® x) =0

Sin X 4+ COS X
COS X

_ 1 _ cosx #0
<:>(smx+cosx)(——25|nxj:0<:> ) )
COS X (sinx+cosx)(1-2sinxcosx) =0

—2sinx(cosx+sinx) =0

Taco (sinx+cosx)(1—2sinxcosx) =0 < (sinx+cosx)(1-sin2x)=0

T
X=——+Irx
4

= ) ] =
1-sin2x=0 sin2x =1 T

[sinx+cosx:0 {tanx:—l
X=—+mr
4

A A T T
Hop cac nghiém trén ta dugc X :Z+ nE,n el .

,  n \ , ~ S A T
Cac nghiém nay thoa man diéu kién X # £y +km.
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Vay p/trinh d& cho c6 cac nghiém cho bdi cong thirc X :%4— n%, nez.

24— x?

Céulll:Tinhl:j
1 X

dx.

Huéng dan:
bat X =2sint véit e [O%} Taco dx =2(cost)dt

) , T .. , T
Véi X=1tacot=—;voi X=2tacHt=—

77\/4 4sin’t f 2+/cos? t.cost

Khido | = j : dt
: 2sint 2sint
i
T 2 7O ) ) %
- C;Zttdt: jl‘:r']': ty j(m—smtjdt_ S—ndt—jsintdt
| | | |
7 7 7 i 7
7 ) )
% Taco —dt—j. sint dt—j sint

sint sin’t 1—cos’t
7% 7 7

bt u=cost, du=—(sint)dt.

V3., =

Voit=S=u=">t="2 =0,
6 2 2

Khido [ ——dt= [ — >
7smt fyl—u o 1l-u

% 4 Odu:\/—}édu\/—f(l 1)du

1f% d(u+1) 1 2
IR

o

:—[In (u+1)-In(1- u]‘/ Lty

%
i :1In2+\@ :In(2+\/§)
2 2-43

2 1 Ul _
7 .
* j (sint)dt = —cost|2 :—(O—EJ =£
% 5 2 2

o Viy | :In(2+\/§)—§
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Cau lV:

Cho hinh chép S.ABCD c6 ddy ABCD la hinh vudng canh a, SA = h vudng goc mdtghéng
(ABCD), M la diem thay doi t}:én CD. Ké SH vuong goc BM. Xac dinh vi tri M dé thé tich tir
dién S.ABH dat gia tri [6m nhat. Tinh gid tri [6n nhdt do

Céch 1: Phwong phap toa do

bat hinh chép S.ABCD vao hé truc toa
d6 Oxyz sao cho
A=0,Be0Ox,De0Qy,S €0z vatoa

dd céac diém nhu sau:
A(0;0;0), B(a;0;0)
D(0;a;0), C(a;a;0)
S(0;0;h)

Goi toa do cia M (m;a;o), meR,0<m<a.

Mt phang (SAH) chtra truc Oz , di qua A(O; 0; 0) .

Tacéd SH L BM va BM L SA.Suyra BM L (SAH).Dodé BM =(m-a;a;0) la

M3t vecto phap tuyén cua mp(SAH).

P/trinh mp(SAH): (m—a)(x—0)+a(y-0)=0«(m-a)x+ay=0.

Puong thing BM di qua B(a;O;O) va nhan vecto BM = (m —-a; a;O) lam vecto chi
x=a+(m-a)t

phuong nén c6 p/trinh 4y =0+ at (t € R) .
z=0+0t

(m-a)x+ay=0(1)

_ x=a+(m-a)t (2)
Toa do cuia H = BM ﬁ(SAH) Ia nghiém cua h¢ p/trinh

y=0+at (3)
z=0+0t (4)
Thay X,Y,Z 6 (2), (3), (4) vio (1) taduoe: (m—a)[a+(m-a)t]+aat=0
2 5 —a(m-a)
< (m-a) +a’ t=—a(m-a)ot=——~2_
[(m=a)+a” Jt=-a(m-a) s t= 57 0
Thay vao (2), (3), (4) ta duoc
2 3 2
a(m-a —a‘(m-a
x:a—z( )2:2 a 7RI A ( )2;z=0
a“+(m-a)” a“+(m-a) a“+(m-a)

Vay toa d6 cua H la:
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Thé tich khéi chép S.ABH bang
1 1.,.1

V ==SAS 5, ==SA=BABH
3 ABH 3 2

Vi SA = h khong d6i nén V dat gié tri 16n nhat khi va chi khi HB.HA dat gia tri 1on nhat

2 2
3 _ a2 _
Tacs HBHA= |la-— & | .| 2am=a) |,
a’+(m-a) a’+(m-a)

az(m—a)2 a* _a’jm-a

a?+(m-a)’ aZ+(m-a)’ . a2+(m-a)’

batt=m-atacé —a<t<0(vi0<m<a).
e a3.|t| a’t

Khi d¢6 HA.HB = f(t): (2 :_a2+t2 .

' T e Y 2 .2 X
f'(t)=-a’———: f'(t)=0=t"-a"=0<t=-a (vit<0).
(a2+t2)
a’(-a) a’
Tacd f(-a)=-— =—:; f(0)=0.
e 1(-2) = LAZ (g

2
s L1y Ay o N — — :a_
Suy ra gia tri 16n nhat cta f(t) bang _r;]gatl)g(of(t)— f( a) X
2

Vay HA.HB datgiétrildnnhétbéng% khit=m-a=-a<m=0,hay M =D.

Gia tri 16n nhat cta thé tich khoi chop S.ABH : V., = 3 h.7 =—.
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Céach 2: Phwong phap hinh hoc

Fa-—-m

AN

r m

batCM =m,0<m<a
Lap luan nhu cach 1 tacé BM L (SAH ) = BM L HA nén tam gidc. HAB vuéng tai H.

Hai tam gi4c vudong HAB,CBM ddng dang (vi A=B , gOC cO canh t/img vudng goc)
HA AB ~ HB AB

Suy ra = va = .
CB BM CM BM
AB a AB a
->HA=—BC=—+—a; HB=—CM =———m
BM Va2 +m? BM vaZ+m?

Thé tich khdi chép S.ABH bang

2 3
V:%.SA.SABH :%.h%.HA.HB:Eh a am_____ahm

6 Ja2+m? Ja?+m? 6(a2+m2)

ahm

Xéthamsd f(m)=———~ véi 0<m<atacd
(m) 6(a2+m2)
3 2 2
f’(m):ah_ ash ~; f'(m)=0ca*-m°=0em=a (vi0<m<a).
6 (a2+m2)
o , ath ah . ) _
Mat khac f(O):O,f(a):62 > =——— vaham so f lién tuc trén doan [O,a].Suy ra
2a
id tri 16n nhat ctia ham sé bang max f(m)—f(a)—ﬁ
gia tri 1on nhat cta oagOsmga = =1

2
: . o ah .
Vay thé tich khoi chop dat gia tri 1on nhat bang V,,,, = ETY khi m=a hay M =D.

vNhén xét: PP hinh hoc ngdn va gon hon. Vi thé dieng ngai ding né khi chuwa thit.
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Cau V:
Tim m dé phuong trinh sau c6 nghiém thuc Yx2+1-Jx=m

Xéthamso y = f ( m Jx trén khoang [0; o)

1 1 1 \/;—4(x2+1)
doeay 22 ey
Taco X +1>1= (x2 +1)3 >x% +1> X2,

Suyra,/ G +1 \/7 Ix = x - 1/(x +1) <0.

= f' ( <0 v6imoi x>0 nénhamsb y= f ( ) nghich bién trén khoang [0 +oo)
Do @6 f ( )S f (O):l V41 moi Xe[0,+oo).

Taco f'(x)=

M|

Tur d6 suy ra, phuong trinh Ux?+1 —\/_ =m cé nghiém khi va chi khi m <1,

CauVlial 9
Trong mat phang Oxy, cho hai dwong thang dy: X -2y +3 =0,y 4x + 3y -5=0. Lap
phuong trinh duwong tron (C) c6 tam | trén dy, tiep xuc d, va cd ban kinh R = 2

P/thang (dl) di qua diém A(—3; 0) va c0 vecto chi phuong Ui = (2;1) nén c6 phuong
. . X=-3+2t
trinh tham s (d, ): :
y=t
Vi tam | cua d/tron (C) thudc (dl) nén co toa do dang : | (—3+ Zt;t)
Mt khac (C) tiép xuc véi (dz) nén khoang cach tir | dén (dz) bang ban kinh cua (C).
Két hop véi gia thiét ta co:
|4(-3+2t)+31=5]

d = -
[1.(d2)] [42 . 32
11t -17] 1t-17-10  |t=24;
e——=2o1t-17|=10 & 17— 10"
) =71
oVéitzztac()l Ez .
11 1’1
2
21 27
P/trinh duong tron (C): | X—— | + =4
ong tron () ( 11) (y 11)
oVérit:ltacél —g;l )
11 1’1
2 2
19 7
P/trinh duong tron (C): | X+ — —— | =4
ong tron () ( 11) (y 11)

& T6m lai c6 hai dudng tron thoa yéu cau bai toan ¢ p/trinh:
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(8] () e (o) 5
X—— | +|Yy——| =4 Vva|X+— | +|y——| =4.
11 11 11 11

Cau Vl.a.2
Trong khong gian vdi hé toa dé Oxyz cho hai dwong thang:
X=1-2t
d Zzzl:z,d wy=t va mdt phang (P): x—y -2 =0.
1'1 1 272 '
z=1+t

Tim toa do hai diem M e dl’ N ed., sao cho MN song song (P) va MN =+/2.

2

Xx=t
Phuong trinh tham s6 cia (dl): y=t .

z=2t
Goi toa d6 ciia M, N nhu sau: M (m;m;2m), N(1-2n;n;1+n),(m,neRR).
Tacéd MN =(1-2n—m;n—m;1+n—-2m)
MN2 = (1-2n—-m)’ +(n—m)* +(1+n—2m)°
Vecto phap tuyén ciia mp(P): n = (L,-1-1).
Vi MN [|(P) nén MN Ln < MN.n=0
<1-2n-m+(n-m).(-1)+(1+n-2m).(-1)=0
< -A4An+2m=0<m=2n (1)
Mat khac MN =2 = MN? = 4

Nén ta co (1—2n—m)2+(n—m)2+(1+n—2m)2:4 (2)
Thay m = 2n vao (2) ta duge (1=4n)” +(-n)’ +(1-3n)" = 4
2612 —14n—-2=0<>13n% —Tn—-1=0 < n:7i2— ”6101
o\VGi n:7+— /101 taco m:2n:7+— /101

26 13
Vi n:7_2— 6101 ta co m:2n:7_1— 3101

Viy c6 hai cip diém thoa yéu cau bai toan:

" [7 +101 7++101 14+ 2\/101) \ {6— 2101 7++101 33+\/101J
3 ) ) ) 3 1 )

1 13 13 1 26 26
hose M 7-+101_7-+101 14-24101) \ 6+24101 7—+/101 33-+/101
' 13 ' 13 ' 13 ’ 13 ' 26 ' 26
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Cau Vll.a

.4
< PR , o Z+1
Tim so phitc z théa man : (ﬁ] =1

Tir gia thiét ta c6 (z+1)" = (z2—1)* voi d/kien z %1
o v adive%i% v 4zid +it = 24 +4z3(—i)+622(—i)2 +4z.(—i)3 +(—i)4
z=0

< 82% - 8zi :O<:>z(22—l).i :Oc{ B
==

1 (thoa d/kién z #1).

Viy c6 ba s6 phirc z thoa y@u cau bai toan: z=0;z =+1
Cau Vl.b.1l
Trong mdét phang véi hé toa dp Oxy, cho hinh chit nhdt ABCD c6 canh AB:Xx—2y—-1=0,
dwong chéo BD:X—Ty+14=0 va duong chéo AC qua diém M (2;1) . Tim-toa do cdc dinh
cua hinh chir nhdt

X—-2y-1=0
X—-7y+14=0

Toa do diém B & nghiém cua hé {

) X=.7

Giai hé ta dugc { 3 Vay B(7;3).

y =
Buong thang BC qua B(7;3) va vudng goc véi AB: x—2y —1 nén nhan vecto phap
tuyén n = (1,—2) cua AB lam vecto chi phuong.

. , X=7+t
P/trinh duong thang BC:
y=3-2t

X=7+2t
y=3+t
X=7+7t
y=3+t

P/trinh tham s ciia duong thang AB: {

P/trinh tham s6 ciia dudng thang BD: {

Goi toa d6 cac diém A, C, D 1a:
A(7+2a;3+a), C(7+c;3—2c), D(7+7d;3+d)
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Theo tinh chét cua hinh chit nhat va két hop gia tiét ta c6
AB=CD

AD L Uag (trong do UaB = (2;1) |la vecto chi phuong ctia d/thang AB)
AM, AC cung phuong

¢ AB=CD < AB®=CD?

& (2a)" +a% =(7d —¢)’ +(d + 2¢)’

< 5a% =50d? +5¢% —10cd (1)
° EJ_GAB @E.GAB 26 @(7d —2a).2+(d —a).1=0
<15d -5a=0<a=3d (2

e MA=(5+2a;2+a), CA=(2a-c;a+2c)
MA,CA cing phuong <> (5+2a)(a+2c)—(2+a)(2a-c)=0

< bac+12c+a=0 (3)
Thay (2) vao (1) ta duogc 4532 =50d? +5c¢2 —10cd < c? +d? —2cd =0
<:>(c—d)2:0<:>0:d 4)
Thay (2) va (4) vao (3) ta duge 5.3d.d +12d +3d =0 «<15d(d+1) =0
d=0
S
d=-1

eVoid=0tacd a=c=0,suyracac diem A,C,D tring véi B. Bai toan vd nghiém.
eV4i d =-1tacéd c =-1,a=-3. Truong hop nay ta cd toa do cac dinh hinh chit nhat 1a
A(L0), B(7;3), C(6;5), D(0;2).

Céach khéc: Goi toa do cua A(7 +.2a;3+ a) .

- Viét p/tr dudng thing (d;)_mot.canh cua hinh chir nhat_qua A va vudng goc voi AB

Giai hé p/trinh {dl; BD} s& tim duoc toa d6 cua dinh D (theo 4n sb a).

- Viét p/tr duong thing (dz) qua D va song song véi AB,

Giai hé p/trinh {dz; BC} s& tim duoc toa d6 cua dinh C (theo 4n sb a).

- Biét d/chéo AC-qua M nén MA, MC cung phuong.

Giai d/kién ciing phuong ciia hai vecto nay dé tim a. Suy ra toa do cac dinh A,C,D.

v Nhan xét:

O cach lam trén (cach 1) viéc chon diém di qua la B(7;3) dé viét pltrinh tham s6 ciia cac
duong thang AB, BD, BC 1a rdt thudn |oi khi tink todn (dé khi trir toa dg cho nhau sé
dwoc két qud rdt gon — kinh nghiém)

Cau Vl.b.2
Trong khong gian vdi hé toa do Oxyz cho ba diém O(0 ; 0;0),40;0;4),B(2;0;0) va mat
phang (P): 2x + 2y —z + 5 = 0. Ldp phuwong trinh mat cau (S) di qua ba diém O, A, B va c0

. , . b5
khoang cach ti tam I den mat phang (P) bang 3

. . ) . 5
Khoang céach tir tim | dén mp(P) bang ban kinh R ciia mat cau. Theo gia thiét ta cd6 R = g
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Mt khac mat cau (S) di qua 3 diém O, A,B néntacd 10=I1A=IB =R :g'
102 =22
9 [910%=25

Tir d6 ta co IAZ:% < J91A? =25 .

o5 |91B®=25

IB® =—
9
Goi toa d0 cua tam 1a | (a;b;c), ta co hé
9(a2+b2+02):25 9(a2+b2+c2):25 a1
9(a? +b?+(c-4)°) =25 19(-8c+16)=0 <> c=2 N
— — 2 \
9((a-2)° +b? +c?) =25 9(-4a+4)=0 9(b? +5)=25

Vay bai toan vo nghiém.

Nhdn xét. )

- Bai toan du gia thiét khi cho p/trinh mp(P).

- Thay gia thiét R =5 (hodc s6 khac) khi d6 ta co b? +5=25 < b? =20 < b =+25
Bai toan cd hai nghiém (hai mit ciu thoa man):

Cau Vll.b
Xx>0,x=1
Diéu kién < x x <> X>0,x#1LX#3.
§>0,§¢1

X
1 Ioggg—log3x

- < <0 x <0
log X |093£ Ioggx.log3§

Khi do log, 3 < Iogy3<:>
3

1
log; ~ _
log, x.log X log, x.log X log; x.log X
) 3 33 3 33 3 33
log; x>0 <> 1
X
|093§>0 %>1 |:X>3
2= 2= 2=

log, x <0 {x<1
X
] A<1

X>3

X
log,—<0
933

Két hop véi diéu kién ta c6 .
O<x<l1

Viy tap nghiém cua bat phuong trinh 13 S = (0;1) U (3; +oo)
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